Abstract. We prove that if a smoothly bounded strongly pseudoconvex domain D ⊂ C n , n ≥ 2, admits at least one Monge-Ampère exhaustion smooth up to the boundary (i.e. a plurisubharmonic exhaustion τ : D → [0, 1], which is C ∞ at all points except possibly at the unique minimum point x and with u := log τ satisfying the homogeneous complex MongeAmpère equation), then for each y ∈ D there exists a Monge-Ampère exhaustion with minimum at y. This yields that for each such domain D, the Kobayashi pseudo-metric κ is a smooth Finsler metric and each pluricomplex Green function with pole at a point y ∈ D is of class C ∞ . Immediate examples of domains satisfying the above conditions are the smoothly bounded strongly pseudoconvex circular domains.
Introduction
Motivated by Lempert's results on smoothly bounded convex domains and the several following developments, the second author introduced in [23] the notion of Lempert manifold, that is a complex manifold (M, J) such that: i) the Kobayashi pseudo-metric κ of M is a smooth strongly pseudoconvex Finsler metric, i.e. a) It is a strictly positive C ∞ real function on T M o ; b) κ(λv) = |λ|κ(v) for any λ ∈ C * and v ∈ T M o ; c) The set of tangent vectors I x = {v ∈ T x M : κ(v) < 1} is a strongly pseudoconvex domain of C n ≃ T x M for each x ∈ M ; ii) all exponentials exp x : T x M → M , x ∈ M , are diffeomorphisms and the distance function d, determined by κ, is complete.
iii) for each w ∈ T C x M o , the 2-dimensional real submanifold exp(Cw) of M is a complex curve, which is totally geodesic and with induced metric of constant holomorphic curvature −4.
This definition was designed to capture most of the properties of the smoothly bounded, strictly linearly convex domains. Indeed, by [11, 12, 17, 1, 2] , each such domain is a Lempert manifold. It is also quite remarkable that, in contrast with the fact that on each smoothly bounded strictly linearly convex domain (and each domain biholomorphic to one of them) the Kobayashi pseudometric κ has so many and so nice properties, up to now no other explicit class of domains, for which κ is smooth on the whole T M o , is known.
Objects that are strictly related with strictly linearly convex domains are the so-called manifolds of circular type, introduced by the first author in [18] . It is a class which naturally includes all smoothly bounded strictly linearly convex domains and all smoothly bounded strongly pseudoconvex circular domains. The manifolds of circular type are characterized by the existence of a MongeAmpère exhaustion, i.e. a plurisubharmonic exhaustion τ : M → [0, 1), which is smooth at all points except possibly at the minimal set {τ = 0} and with u := log τ satisfying the homogeneous complex Monge-Ampère equation Apparently strictly linearly convex domains and strongly pseudoconvex circular domains are manifolds of circular type for unrelated reasons. Indeed, for a smoothly bounded strictly linearly convex domain Ω ⊂ C n , for any x o ∈ Ω, the exhaustion τ defined by τ (y) = (tanh δ(y, x o )) 2 , with δ(y, x o ) Kobayashi distance from y to x o is a Monge-Ampère exhaustion centered at x o . This is consequence of the very special properties of the Kobayashi metric and distance and their peculiar relation with the pluricomplex Green potential, discovered by Lempert for this class of domains. On the other hand, a smoothly bounded, strongly pseudoconvex circular domain D ⊂ C n is of circular type because its squared Minkowski function µ 2 D is a Monge-Ampère exhaustion centered at 0. This is a simple consequence of the symmetry properties of such domains, namely of the S 1 action that defines them and has the origin as unique fixed point. While it is known that the pluricomplex Green potential exists at every point and it is in general only C 1,1 , there is no evident reason why such a domain should admit a Monge-Ampère exhaustion as defined above, centered at any other point but the origin. Indeed, this would imply strong regularity and the least possible degeneracy of the Levi form of the pluricomplex Green potential.
The aim of this paper is to show that this is in fact the case: This result has the unexpected consequence that for any smooth domain of circular type D ⊂ C n , with Monge-Ampère exhaustion smooth up to the boundary, the Kobayashi pseudo-metric κ is a strongly pseudoconvex Finsler metric and D is equipped by natural exponentials exp : T x D → D, x ∈ D, each of them being a diffeomorphism. Since all smoothly bounded strongly pseudoconvex circular domain are in such a class, our theorem offers a new large family of domains, on which the Kobayashi metric are Finsler metrics. It also suggests that what might be the essential reason that distinguishes the strictly convex domains (and all domains that are biholomorphic to them) is the abundance of totally geodesics complex curves, rather then the smoothness of κ.
Of course, all this can be rephrased in terms of the pluricomplex Green functions providing as an outcome new informations about their regularity. In fact, if τ (x) : D → [0, 1) is a Monge-Ampère exhaustion, with center x and smooth up to the boundary, the associated function
is the pluricomplex Green function for D with pole at x, it is of class C ∞ and satisfies the complex homogeneous Monge-Ampère equation on D \ {x} with the least possible degeneracy, i.e. the annihilator of the form ∂∂u (x) has rank 1 at every point of D \ {x}. Conversely, if the pluricomplex Green function u (x) with pole at x is of class C ∞ and satisfies the complex homogeneous Monge-Ampère equation on D \ {x} with the least possible degeneracy, then τ (x) = exp(u (x) ) is a Monge-Ampère exhaustion centered at x. By general results on hyperconvex manifolds ( [5, 8, 4] ), it is known that for each point x of a smoothly bounded strongly pseudoconvex domain D ⊂ C n there exists a unique pluricomplex Green function u (x) with pole at x. Its regularity is at least C 1,1 up to the boundary but, in general, of not higher regularity. Our result implies the following curious phenomenon of propagation of regularity: if a smoothly bounded strongly pseudoconvex domain D ⊂ C n admits at least one pluricomplex Green function u (x) of class C ∞ , then necessarily all other pluricomplex Green functions u (x ′ ) , x ′ ∈ D, are of class C ∞ . For instance, this is the case of smoothly bounded strongly pseudoconvex complete circular domains. Theorem 1.1 is obtained as a consequence of a more general result (Theorem 2.8) concerning abstract complex manifolds with boundary, equipped with Monge-Ampère exhaustions of regularity C k,α , k ≥ 4, α ∈ (0, 1). Such result shows that the above phenomena of propagation of regularity hold also for the C k,α -analogues of domains of circular type, in particular for strongly pseudoconvex circular domains with boundaries of such regularity. We remark that the assumption k ≥ 4 is rather technical and determined by the special approach we exploit, namely the use of the so-called manifolds in normal form. It is reasonable to expect that such lower bound for k is not sharp and that the propagation phenomena for Monge-Ampère exhaustions and pluricomplex Green functions should occur in full generality also if k ≥ 2, α ∈ (0, 1). This is actually true if the considered complex manifold is already a manifold in normal form (Theorem 2.7).
The structure of the paper is the following. In §2, we introduce the new notion of complex manifolds with boundary of circular type of class C k,α , a minor modification of the original definition of manifolds of circular type, and we state the main results of our paper. In §3, we study one-parameter families of Monge-Ampère exhaustions of a manifold of circular type in normal form, with centers at the point of a given segment of the manifold. We then prove the existence of a bijection between such families and the so-called abstract fundamental pairs. These are one-parameter families of pairs, formed by non-standard complex structures and vector fields satisfying appropriate conditions. Section §4 is dedicated to a detailed study of the vector fields occurring in the abstract fundamental pairs and in §5 it is given a crucial result on existence of abstract fundamental pairs and the proof of the main theorem.
Manifolds of circular type
2.1. Complex manifolds with boundary of class C k,α .
Given k ∈ N ∪ {0, ∞} and α ∈ [0, 1], a (real or complex) tensor field T on a (real) smooth manifold with boundary M = M ∪ ∂M is said to be of class C k,α on M if all components of T in any system of coordinates of the structure of the manifold with boundary M are of class C k and with α-Hölder continuous k-th order derivatives up to the boundary. We recall that: i) a complex manifold M of dimension n is a topological 2n-dimensional manifold equipped with a complete atlas A of C n -valued homeomorphisms between open sets of M and of C n with holomorphic overlaps; ii) an (integrable) complex structure of class C k,α , k ≥ 1, 0 < α < 1, on a real 2n-manifold M is a tensor field J of type (1, 1) such that: -it is a tensor field of class C k,α , -J 2 x = − Id TxM at each point x; -the Nijenhuis tensor of J, i.e. the tensor field of type (1, 2) 
, is 0. The relation between complex manifolds and complex structures is given by the celebrated Newlander-Nirenberg Theorem, which can be summarized as follows. Given a C k,α -complex structure J on M , consider the direct sum decompositions
x M of the complexified tangent spaces into ±i-eigenspaces of the linear maps
In view of the above described correspondence, given k ≥ 1 and α ∈ (0, 1), we call complex manifold of class C k+1,α any pair (M, J), formed by a real 2n-manifold M and a complex structure J of class C k,α . The C k+1,α atlas of J-holomorphic coordinates is denoted by A J .
Let us now consider a convenient analogue of real manifolds with boundary. Definition 2.1. Let M = M ∪ ∂M be a real 2n-manifold with boundary. A complex structure on M of class C k,α , with k ≥ 1, α ∈ (0, 1), is a triple (J, D, J D ) given by -a complex structure J on M of class C k,α ; -a C ∞ codimension one distribution D on ∂M , smoothly extendible to a (2n − 2)-dimensional distribution on a tubular neighborhood U ⊂ M of ∂M ; -a tensor field J D of type (1, 1) on the distribution D of ∂M , with components of class C k,α in smooth frame fields for the spaces D x , x ∈ ∂M , of the distribution D satisfying the following pair of conditions: i) the smooth extension of D on a tubular neighborhood U ⊂ M of ∂M , can be taken to be J-invariant; ii) the restrictions J| Dx , x ∈ U \ ∂M , together with the tensors J D y , y ∈ ∂M , form a (1, 1)-tensor field on the smooth extension of D in (i), with components of bounded C k,α -norm in any smooth frame field for the spaces of D. A manifold with boundary M , endowed with a triple (J, D, J D ), is briefly denoted by the pair (M , J). We may also write J D = J| D ∂M and we call (D, J D ) the CR structure of the boundary of (M , J). In fact, by boundary regularity assumptions, the pair (D, J D ) is an integrable CR structure on ∂M . We say that the boundary ∂M is strongly pseudoconvex if the boundary CR structure has strictly positive Levi forms at all points.
Note that if (N, J) is a complex manifold of class C k,α , with k ≥ 1 and α ∈ (0, 1), any bounded strongly pseudoconvex domain D ⊂ N with smooth boundary is a manifold with boundary, equipped with a complex structure (J, D, J D ) of class C k,α . Indeed, Definition 2.1 is designed to capture precisely the properties of such domains.
2.2.
Monge-Ampère exhaustions. Definition 2.2. Let (M = M ∪ ∂M, J) be a complex manifold of class C ∞ with a strongly pseudoconvex boundary ∂M . Given k ≥ 2 and α ∈ (0, 1), we call Monge-Ampère exhaustion for M of class C k,α a continuos exhaustion τ : M → [0, 1], with ∂M = {x ∈ M : τ (x) = 1}, such that:
i) The level set {τ = 0} ⊂ M consists of a single point x o , called center, and the pull back p * (τ ) of τ on the blow up p :
ii) On the complement M \ {x o } = {0 < τ < 1} of the center, the exhaustion τ is solution to the differential problem
iii) In some (hence, in any) system of complex coordinates z = (z i ) centered at x o , the exhaustion τ has a logarithmic singularity at x o , i.e. log τ (z) = log z + O(1) .
Basic examples of Monge-Ampère exhaustions of class C k,α are given by the Minkowski functionals µ D of strongly pseudo-convex circular domains D ⊂ C n with boundary of class C k,α , k ≥ 2, α ∈ (0, 1). In fact, by definition,
Other crucial examples are (suitable reparametrizations of) the Kobayashi distance functions of the strictly linearly convex domains in C n with boundaries satisfying appropriate regularity conditions. Indeed, by the results of Lempert in [11] , if D ⊂ C n is a strictly linearly convex domain with a C k+2,α -boundary with k ≥ 2, each point x o ∈ D is the center of a Monge-Ampère exhaustion τ (xo) : D −→ [0, 1] of class C k,α , defined by setting τ (xo) (x) to be equal to the square of the hyperbolic tangent of the Kobayashi distance between x and x o .
Let τ : M → [0, 1] be a Monge-Ampère C k,α -exhaustion with center x o and
where γ t is any smooth curve with γ 0 = x o andγ 0 = v. In [20] it is proven that such κ is well defined and coincides with the Kobayashi infinitesimal metric of M at x o . Moreover it is of class C k,α on T xo M \ {0} and satisfies
Hence the closed domain I in C n with C k+α -boundary, defined by
is a complete circular domain, called (closed) indicatrix at x o of ((M, J), τ ).
Let p : I → I and p ′ : M → M be the blow-ups of I and M at 0 and x o , respectively. By the results in [19] , when τ is of class C ∞ , there exists a unique C ∞ -diffeomorphism Ψ : I −→ M between the two manifolds with boundaries, satisfying the following three conditions:
is a diffeomorphism between ∂I and {τ = t 2 } mapping the real distribution of the CR structure of ∂I into the real distribution of the CR structure of {τ = t 2 }; iii) For each ([v] , z) ∈ ∂I, the map
is proper holomorphic and injective and f ([v] ,z) (∆ \ {0}) is an integral leaf of the distribution Z, given by the spaces Z x = ker dd c τ x . Such map Ψ is called circular representation of (M , J) determined by τ .
One can directly check that all arguments in [19] go through under much weaker regularity assumptions, so that the following holds: if the MongeAmpère exhaustion τ is of class C k,α , for some k ≥ 3 and α ∈ (0, 1), there exists a unique C k−2,α -diffeomorphism Ψ : I → M satisfying (i), (ii) and (iii).
The proof shows also that this circular representation Ψ is such that:
a) The projection onto I of the pull-backed exhaustion τ • Ψ : I → [0, 1] coincides with the Kobayashi infinitesimal metric κ and is of class C k−2,α on I \ {0}; b) If k ≥ 4, the pull-backed complex structure J ′ = Ψ * (J) on I is integrable and of class C k−3,α , i.e. ( I, J ′ ) is a C k−3,α complex manifold. By classical results on blow-ups and Remmert reductions, the complex manifold ( I, J ′ ) has a blow-down, which can be naturally identified with the manifold with boundary I, equipped with some non-standard atlas A of complex charts. Denoting by J ′ the tensor field, for which A is the atlas of J ′ -holomorphic coordinates, we conclude that the C k−2,α -diffeomorphism Ψ : I → M determines a (J ′ , J)-biholomorphism Ψ : (I, J ′ ) −→ (M , J) and induces the C k−2,α Monge-Ampère exhaustion κ := τ • Ψ on (I, J ′ ).
We stress that, despite of the fact that the tensor field J ′ on I has smooth components in each chart of the atlas A, such tensor field has in general nonsmooth components in the standard coordinates of I ⊂ C n . Indeed they are in most cases not even differentiable at 0. Nonetheless J ′ has the same regularity of J ′ at the points of I \ {0} = I \ p −1 (0) -we refer to [22] for a more detailed discussion of all this.
Manifolds of circular type with boundary.
The discussion of previous section leads to the following notion.
, we call manifold of circular type with boundary of class C k,α (or, simply, C k,α -manifold of circular type) a pair ((M , J), τ ) formed by
• a complex manifold (M , J) of class C k−1,α with strongly pseudoconvex boundary, diffeomorphic to the closed unit ball B n = B n ∪ ∂B n of C n ;
The main example of C ∞ -manifold of circular type to keep in mind is the pair ((B n , J st ), τ o )), given by the closed unit ball B n ⊂ C n , centered at 0, equipped with the standard complex structure J st of C n and with the standard Monge-Ampère exhaustion
where · is the Euclidean norm of C n .
This basic example comes with two special distributions in the tangent space T (B n \ {0}), which have direct analogues in any other manifold of circular type. The first is the J st -invariant distribution Z ⊂ T (B n \ {0}) of the spaces
(2.5) The second is the distribution H of the complementary subspaces
where < ·, · > denotes the standard Euclidean inner product of C n . These distributions are not defined at 0 but they both admit smooth extensions at all points of the exceptional divisor of the blow up p : B n −→ B n at 0. Note also that Z is integrable, with integral leaves given by the straight disks through 0. On the contrary, H is not integrable. In fact, the restriction of H to each sphere S r := { x = r}, 0 < r ≤ 1, coincides with the contact distribution underlying the CR structure of such sphere. Both distributions Z and H are J st -invariant, so that the complex distributions Z 10 , Z 01 ⊂ Z C and H 10 , H 01 ⊂ H C , of the (+i)-and (−i)-eigenspaces of J st , are well defined at each point of B n . The complex distributions H 10 , H 01 admit smooth extension up to the boundary, where they determine the standard CR structure of ∂B n .
We now introduce a crucial class of deformations of ((B n , J st ), τ o ).
Definition 2.4. Let k ≥ 1 and α ∈ (0, 1). We call L-complex structure of class C k−1,α a complex structure J of class C k−1,α on the blow up B n of (B n , J st ) at the origin, satisfying the following conditions: i) it leaves invariant all spaces of the distributions Z and H;
iii) there exists a homotopy J t , t ∈ [0, 1], of class C k−1,α in the parameter t, between J t=0 = J st and J t=1 = J, such that each J t is a complex structures of class C k−1,α satisfying (i) and (ii) .
If J is an L-complex structure of class C k−1,α on B n , let J be the (non-standard) complex structure on B n that makes (B n , J) the blow-down of the complex manifold with boundary ( B n , J ). By the results in [22] and the following remark, each pair of the form ((B n , J), τ o ), with J coming from an L-complex structure J as above, is a C k,α -manifold of circular type, called in normal form.
Remark 2.5. The fact that τ o is of class C k,α in the charts of (B n \ {0}, J) can be easily checked as follows. By construction, the components in standard coordinates of the complex structure J are of class C k−1,α at all points of B n \ {0} = B n \ p −1 (0). This implies that each chart of J-holomorphic coordinates of (B n \{0}, J) overlaps in a C k,α way with the standard coordinates (see §2.1).
Being τ o = · 2 of class C ∞ in the standard coordinates outside the origin, it must be of class C k,α when it is expressed in J-holomorphic coordinates.
The interest for the manifolds in normal forms comes from the fact that, for k ≥ 4, any C k,α -manifold of circular type is biholomorphic with a C k−2,α -manifold of circular type in normal form. This property was proven in [21] just for the case of C ∞ -manifolds of circular type, but a careful check of all arguments in that paper shows that they actually go through for each C k,α -manifold of circular type, provided that k ≥ 4. More precisely:
(1) By the remarks in §2.2, if ((M , J), τ ) is a C k,α -manifold of circular type with k ≥ 4, α ∈ (0, 1), the circular representation determines a (J, J ′ )-biholomorphism from (M , J) into the C k−2,α -manifold of circular type ((I, J ′ ), κ), given by the closed indicatrix I of the Kobayashi infinitesimal metric κ at the center x o , an appropriate complex structure J ′ of class C k−3,α on I and the exhaustion κ, which is C k,α in the complex charts of (I, J ′ ).
(2) Since dd c κ is of class C k−2,α and k ≥ 4, all arguments of the proofs of Moser's Theorem in [14] and of Lemma 3.5 and Thm. 3.4 in [21] remain valid and yield to the existence of: i) A smooth family of C k−2,α diffeomorphisms Φ t : C n → C n from the blow up C n of C n at 0 into itself, satisfying all conditions of Lemma 3.5 in [21] ;
ii) A smooth isotopy of L-complex structures J t = Φ t * (J st ) of class C k−3,α between J 0 = J st and a (non-standard) complex structure J 1 = J ′′ that makes (( B n , J ′′ ), τ o ) biholomorphic to the blow up ( I, J ′ ) of (I, J ′ ) at the origin. Such complex structure J ′′ projects onto a (non-standard) complex structure J ′′ on B n that makes ((B n , J ′′ ), τ o ) a C k−2,α -manifold of circular type in normal form, biholomorphic to ((I, J ′ ), κ 2 ).
Combining (1) and (2) (as it is done in [21] , Thm. 3.4), one gets
into the integral leaves of the distribution Z of B n , that is into the straight disks through the origin of B n .
, mapping a C k,α -manifold of circular type into one in normal form, satisfying (a) and (b) of the above theorem, is called normalizing map.
2.4.
Statement of the main result. All results of this paper are consequence of the following theorem on manifolds in normal form, the proof of which is divided in the remaining three sections. Theorem 2.7. Let ((B n , J), τ o ) be a manifold of circular type in normal form of class C k,α with k ≥ 2 and α ∈ (0, 1). Then, for each v ∈ C n with v < 1 and each t ∈ [0, 1], there exists a one-parameter family of Monge-Ampère exhaustions τ (xt) : B n −→ [0, 1], of class C k,α , with center x t = tv. The dependence of the exhaustions τ (xt) on the parameter t is of class C k,α .
Due to Theorem 2.6, this immediately implies our main result, which is
, of class C k−2,α , with center x. The dependence of the exhaustions τ (x) on the center x is also of class C k−2,α .
By uniqueness of the Monge-Ampère exhaustion with given centers, Theorem 2.8 shows that if a manifold with boundary of circular type M admits a Monge-Ampère exhaustion of class C ∞ , hence of class C k,α for each k and α, it is equipped with an infinite number of C ∞ Monge-Ampère exhaustions, centered at all points of M . Direct consequences of this are Theorem 1.1 and the properties of pluricomplex Green functions discussed in the Introduction. Let k ≥ 2, α ∈ (0, 1) and assume that (M , J) and (M ′ , J ′ ) are two complex n-manifolds with boundary of class C k,α . Consider the blow-ups of M and M ′ at some fixed interior points
Recall that their exceptional divisors, i.e. the pre-images π −1 (x) ⊂ M and
We call any such homeomorphism a quasi-diffeomorphism between M , M ′ of class C k,α , pointed at x. The associated tame diffeomorphism F , which induces F , is called tame lift of F .
The notion of quasi-diffeomorphism admits various reasonable infinitesimal counterparts. The one that better fits with our purposes (and which we formally introduce at the end of this section) is rooted in the following observations. Let
induced by a one-parameter family of tame diffeomorphisms
For any such family, given t ∈ [0, 1], we may consider the vector field X t , defined at the points x ∈ M \ {x 1 } by
It is a vector field of class C k,α on M \ {x 1 = F t (x t )}, whose restriction to ∂M is always tangent to the boundary and of class C k,α . Moreover, if we extend X t at the point x 1 by setting
we get a vector field over the whole M with the following property: for each sequence
Indeed, this can be checked as follows. At each point y k , the vector X t | y k is the tangent vector at s = 0 of the curve η
t (y k )) with s in some fixed small interval [−ε, ε]. Note that, by the assumption on the sequence y k , for each s ∈ [−ε, ε], the point η
This implies that each curve η
on the blow up M 1 . Moreover, by the regularity assumptions on the family of diffeomorphisms F t , when y k → x 1 , the lifted curves η (t|y k ) s tend uniformly in C 1 -norm to a curve η in M 1 . Such limit curve projects onto the C 1,β curve
This implies that the vectors X t | y k (that are the tangent vectors at s = 0 of the curves η (t|y k ) s ) tend to the tangent vector of η s at s = 0, that is to (3.2).
All this motivates the following Definition 3.2. Let (M , J) be a complex manifold of dimension n with boundary of class C k,α and
i) It is of class C k,α on M \ {x} and tangent to ∂M at boundary points; ii) There is an open and dense subset of U ⊂ M \ {x}, such that lim k→∞ X| y k = X| x for each sequence y k ∈ U converging to x.
3.2.
Curves of centers and families of quasi-diffeomorphisms. Consider now a manifold of circular type in normal form ((B n , J), τ o ) of class C k,α , with k ≥ 1, α ∈ (0, 1). Let also v ∈ B n \ {0} and x t the straight curve
If (B n , J) admits Monge-Ampère exhaustions τ t of class C k,α , k ≥ 4, α ∈ (0, 1), centered at the points x t , then it also has a one-parameter family of normalizing maps Φ t : ((B n , J), τ t ) −→ ((B n , J t ), τ o ) for appropriate non-standard complex structures J t . On the base of this, we consider the following notion.
Definition 3.3. Let k ≥ 2 and α ∈ (0, 1). We call curve of Monge-Ampère quasi-diffeomorphisms of class C k,α , guided by the curve (3.3), a C k,α -family of quasi-diffeomorphisms Φ t of (B n , J), each of them pointed at x t = tv, t ∈ [0, 1], with the property that Φ t (x t ) = 0 for each t and satisfying the following condition: each pushed-forward complex structure J t = Φ t * ( J) of the complex structure J of the blow-up π t : B n t → B n at the point x t , is an L-complex structure, so that its projected complex structure J t determines a normal form (( B n , J t ), τ o ).
We have the following 
is a Monge-Ampère exhaustion of (B n , J) of class C k,α , centered at x t .
Proof. By the properties of τ o , each exhaustion τ t satisfies (i) and (iii) of Definition 2.2. Hence, we only need to show that each τ t satisfies also (ii) on (B n , J). This is in turn equivalent to prove that
2) on the complex manifold (B n , J t ). For this, we need to the following lemma.
Proof. Let J be the L-complex structure on B n which induces the complex structure J on B n . We recall that J preserves both distributions Z, H and that
By this lemma, the 2-form dd c Jt τ o is nowhere degenerate and hence it is positive definite at all points of (B n , J t ), since J t is isotopic to J st . In a similar way we get that dd c Jt log τ o ≥ 0 and that dd c Jt log τ o satisfies the Monge-Ampère equation on B n \ {0}. This shows that all conditions of (2.2) are satisfied. Proposition 3.6. If Φ t is a curve of Monge-Ampère quasi-diffeomorphisms of class C k,α , k ≥ 2, α ∈ (0, 1), the corresponding family of complex structures
Proof. First of all, consider the one-parameter family of quasi-regular vector fields Y t , defined at each point x ∈ B n \ {x t } by
Note that, since Φ s • Φ −1 s = Id B n for each s, by taking the derivatives of both sides with respect to s at a fixed x, we have
from which we infer that, for each given t and x, Y t | x and X t | x are related by
We now recall that each complex structure J t , t ∈ [0, 1], is well defined and of class C k ′ ,α , with k ′ = k − 1 ≥ 1, α ∈ (0, 1). Actually, by the considered regularity assumptions at t = 0 and t = 1, we may assume that J t is well defined and C k ′ ,α for each t in a slightly larger open interval of [0, 1], say (−ε, 1 + ε). Let us pick a fixed value t ∈ [0, 1] and, for each s close to t, consider the the maps
Consider now a (local) system of real coordinates ξ = (x i ) on an open set, on which the tensor field J s , the vector field Y s and the map Φ s are of class
In these coordinates, J t , X t and the maps F s , F −1 s , have the form
We now observe that, by (3.6) and the classical coordinate expressions of push-forwards, the components J i sj of J s | x have the form
So, differentiating (3.8) with respect to s at s = t, from (3.7) we get
Since the right hand side coincides with the coordinate expression for −L Xt J t | x , the claim follows.
The one-parameter family of pairs (J t , X t ), given by the complex structures J t = Φ t * (J) and the vector fields (3.4), is called fundamental pair of the MongeAmpère quasi-diffeomorphisms Φ t . Note that if we consider each vector field X t extended at 0 by setting
then each X t is a quasi-C k,α -regular, pointed at 0 (Definition 3.2).
3.3.
Abstract fundamental pairs and associated curves of exhaustions. Motivated by the correspondence of previous section between curves of Monge-Ampère quasi-diffeomorphisms and families of pairs (J t , X t ) of complex structures and quasi-regular vector fields, we now introduce the following Definition 3.7. Let ((B n , J), τ o ) be a manifold in normal form of class C k,α , k ≥ 2, α ∈ (0, 1), and a one-parameter family of vectors v t ∈ C n \ {0}, of class C 1,β , β ∈ (0, 1) in the parameter t ∈ [0, 1]. We call abstract fundamental pair guided by v t a pair of isotopies (J t , X t ), of class at least C 1,β , β > 0, in the parameter t ∈ [0, 1], where 1) J t is an isotopy of complex structure of class C k,α of a manifold in normal form ((B n , J t ), τ o ), 2) X t is an isotopy of quasi-regular vector fields X t on B n of class C k,α , pointed at 0, with
By the discussion of §3.2, it is clear that the fundamental pair (J t , X t ) of a curve Φ t of Monge-Ampère quasi-diffeomorphisms satisfies all conditions of the above definition. Our main goal now is to show that a converse is also true, namely that each abstract fundamental pair satisfying appropriate conditions is the fundamental pair of a curve of Monge-Ampère quasi-diffeomorphisms and generates a one-parameter family of Monge-Ampère exhaustions, with centers along a fixed straight line.
The proof of this crucial result requires a few preliminaries. For each x ∈ B n we fix once and for all an automorphism F x ∈ Aut (B n ) of the standard closed ball (B n , J st ), mapping x into 0. We select such distinguished automorphism F x in such a way that F 0 = Id B n and that F x depends smoothly on the point x. For each vector 0 = v ∈ B n , we consider the points x t of the parameterized straight line x t = tv, and for each t ∈ [0, 1], we set
Finally, for each t ∈ [0, 1], we consider the blow up of B n at the point x t (which we denote by π t : B n t → B n ) and the lifted map F t : B n t → B n of the automorphism F t between B n t and the blow up B n of the unit ball at the origin. By assumptions, each map F t transforms the exceptional divisor of B n t (which projects over the point x t ) onto the exceptional divisor of B n (which projects onto 0). All blow-ups B n t of the complex manifold (B n , J) are diffeomorphic one to the other and, in particular, to B n t=0 = B n . On the other hand, the complex structure of B n is of class C k,α with respect to the standard coordinates of B n and this implies that the complex coordinates of B n are of class C k+1,α with respect to the standard one. From this we infer that each B n t is C k+1,α -diffeomorphic to the standard blow up B n and, consequently, that each map F t is a quasi-regular diffeomorphisms of class C k+1,α for the complex manifold (B n , J), pointed at x t .
This notation being fixed, we may now state the following crucial lemma.
Lemma 3.8. Let 0 = v ∈ B n and v t ∈ C n , t ∈ [0, 1], the one-parameter family of vectors, defined in (3.12). If (J t , X t ) is an abstract fundamental pair of class C k,α , k ≥ 2, α ∈ (0, 1), of ((B n , J), τ o ), with X t | 0 = v t for all t, then there exists a curve of Monge-Ampère quasi-diffeomorphisms Φ t of class C k,α , guided by the curve x t = tv, t ∈ [0, 1], of which (J t , X t ) is the associated fundamental pair.
Proof. We observe that any curve of Monge-Ampère quasi-diffeomorphisms of class C k,α , guided by the straight curve x t = tv, t ∈ [0, 1], can be expressed as a composition of the form
t is a quasi-regular C k,α diffeomorphism, pointed at 0 and mapping 0 into itself. Further, Hence, the curve of quasi-diffeomorphisms, of which we need to prove the existence, corresponds to a one-parameter family of tame diffeomorphisms of the blow-up at the origin
whose associated quasi-regular maps Φ o t are solutions to the problem
Being X t quasi-regular with X t | 0 = v t , by continuity, each one-parameter family of quasi-regular maps Φ o t that solve (3.13) necessarily satisfies also (3.15), proving that the latter is redundant. Moreover, if Φ o t is a solution to (3.13), then, by Proposition (3.6), the fundamental pair of the curve of quasidiffeomorphisms Φ o t • F t is a solution to the same differential problem satisfied by J t with the same initial condition. By uniqueness of such solution, we get that also (3.14) is necessarily satisfied. In conclusion we only need to show the existence of a one-parameter family of C k,α quasi-diffeomorphisms satisfying the differential problem (3.13) . This is in turn equivalent to the problem on ( 
respectively. In this way (3.16) can be equivalently formulated as
is a solution to this problem if and only if its graph
is a (2n + 1)-dimensional real manifold, which is at all points tangent to the vector field
The required graph S can be directly obtained by taking the union
, under the diffeomorphisms of the flow of T , of the transversal 2n-submanifold
By classical properties of flows, each diffeomorphism Ψ T s is of class C k,α , so that S is the graph of the unique solution of (3.16) of class C k,α on B n \ {0}.
By the regularity assumptions on the maps F t and the limiting behavior of X t at x → 0, we see that each map Φ o t = Φ o (t, ·) has a unique extension to a map Φ o t : B n → B n , mapping the exceptional divisor into itself. On the other hand, since Φ t = Φ o t • F t is a (J, J t )-holomorphic map of B n \ {0}, the unique continuos extension at x t is necessarily (J, J t )-holomorphic also at x t , i.e. it is a holomorphic maps in the usual sense in J-and J t -holomorphic coordinates. By regularity assumptions on the lifts of J, J t at the levels of the blow ups, we conclude that the continuous extension of Φ o t is of class C k,α over the whole B n for each t.
In order to conclude the proof, it remains to show that each map Φ t = Φ o t • F t is a C k,α -diffeomorphism or, equivalently, that each Jacobian J( Φ t )| y is invertible at all y ∈ B n . In fact, this would directly imply that the induced maps Φ t : B n → B n constitute a one-parameter family of Monge-Ampère quasi-diffeomorphism of class C k,α , guided by the curve x t = tv.
For this, we need to show that the subset of [0, 1]
. By compactness of B n and the semi-continuity of the rank, A is surely non-empty and open. So, the claim is proven if we can show that A is closed, i.e. that for each t k ∈ A converging to t ∞ := sup A, one has that lim k→∞ det J( Φ t k )| y > 0 for all y ∈ B n or, equivalently,
We now observe that, since each quasi-diffeomorphism
satisfies (3.14), for each straight disk ∆ (c) = { ζc , ζ ∈ ∆} ⊂ B n , c = (c a ) = 0, the restriction Φ We now recall that, for each k, the vector spaces Φ −1 t k * | y (H y ), y ∈ B n , are the J-invariant subspaces of the tangent spaces of the level sets
Hence, for k → ∞, the vectors in Φ −1 t k * | y (H y ) tend to elements of the Jinvariant subspaces of the level
This implies that the desired claim is equivalent to say that, along each level set of τ ∞ , the Levi form
is positive definite at all points. This property is certainly true for L ∞ (1) = ∂B n , because by previous observations, τ o and τ ∞ are both regular defining functions for (B n , J) (i.e. with ∇τ ∞ = 0 at all boundary points) and the Levi forms for ∂B n , determined by τ o and τ ∞ , are necessarily one multiple of the other by some nowhere vanishing function. But this also implies that the determinants of the matrices, which represent the Levi forms dd c J τ ∞ (·, J·)| L∞(s) , s ∈ [0, 1], in some fixed set of coordinates, are strictly positive at all points. Indeed, the values of these determinants at the points of each disc Φ −1 ∞ (∆ (c) ) constitute a harmonic function in the variable ζ ∈ ∆ ≃ ∆ (c) . This claim can be checked by simply observing that they are uniform limits of the Levi forms dd c J τ k (·, J·)| L k (s) , k → ∞, and the restrictions of such Levi forms along the points of the disks Φ
components that are harmonic with respect to ζ (see e.g. [21] , proof of Thm. 4.2). Since the restriction to the boundary of each such harmonic function is strictly positive, by the Maximum Principle, the determinants are strictly positive at all inner points as well, and dd c J τ ∞ (·, J·) is positive definite at all points, as required.
Remark 3.9. Proposition 3.4 and the above lemma imply that if there is an abstract C k,α fundamental pair (J t , X t ) with X t | 0 = v t , k ≥ 2, α ∈ (0, 1), then there is also a one-parameter family of Monge-Ampère exhaustions τ t of class C k,α , whose centers are at the points of the curve x t = tv, t ∈ [0, 1]. Due to this, the proof of Theorem 2.7 reduces to show the existence of such abstract fundamental pairs for all 0 = v ∈ B n .
Special vector fields of manifolds in normal form
The main purpose of this section is the proof of the fact that any vector field X t , appearing in some abstract fundamental pair (J t , X t ), is subjected to very strong constraints, which force X t to be member of a very small class of quasi-regular vector fields, called special vector fields. We begin by considering certain convenient sets of complex coordinates for C n . 4.1. Generalized polar coordinates. Let ξ : CP n−1 \ {z n = 0} → C n−1 be the standard affine coordinates
. . , w n−1 := z n−1 z n and set
This is a (real) diffeomorphism onto S 2n−1 \ {z n = 0} with the useful property that, for each (w i ) ∈ C n and ϑ ∈ R, the corresponding point ϕ(w i , e iθ ) is in the complex line [w 1 : · · · : w n−1 : 1] = ξ −1 (w 1 , . . . , w n−1 ). If we define
with z := n i=1 |z i | 2 , we can immediately see that η| C n−1 ×S 1 = ϕ −1 . This implies that η is a (real) diffeomorphism from C n \ {z n = 0} onto its image, whose inverse map is given by
We call η a generalized system of polar coordinates on C n \ {z n = 0}. Note that a similar construction can be performed if we replace {z n = 0} by any other affine hyperplane π ⊂ C n through the origin. The corresponding system of (generalized) polar coordinates on C n \ π will be denoted by η (π) . In case π is a coordinate hyperplane π i := {z i = 0}, we simply denote it by η (i) 
We call it adapted polar frame field, associated with the circular domain D and the coordinates (ζ, w α ). It is important because the fields of these frame satisfy the equations where
(4.6)
The coefficients (4.6) are strictly related with the components of the 2-form dd c Jst τ , with J st standard complex structure of C n . In fact, from (4.5),
4.3. Special vector fields of a manifold in normal form. We now want to characterize the quasi-regular vector fields X, pointed at 0, of a manifold in normal form ((B n , J), τ o ), whose (local) flows preserves the restriction J| Z of J to the distribution Z. For stating our result, we need to fix some notation.
Consider the Kobayashi infinitesimal metric κ at the center x o = 0 of ((B n , J), τ o ), the (closed ) indicatrix (I, J st ) ⊂ T 0 B n ≃ C n , determined by κ, and the corresponding circular representation Ψ : I → B n (see §2.2). Note that the standard coordinates of B n in general do not overlap in a C k,α fashion with the atlas of complex manifold structure of (B n , J). On the contrary, by the properties of circular representation, any chart of the form η (π) • Ψ −1 with η (π) = (ζ, w α ) generalized polar coordinates on I → C n , does overlap in a C k−2,α -way with the atlas of the complex manifold of (B n , J). We call this kind of coordinates adapted polar coordinates of ((B n , J), τ o ). The corresponding polar frame fields (Z, e α = e ρ α ) with ρ such that κ = |ζ| 2 ρ(w,w), are called associated adapted polar frame fields. From now on, the only sets of coordinates we consider on (B n , J) are either adapted polar coordinates or coordinates of the form ξ • Ψ −1 , with ξ = (z i ) standard coordinates of I ⊂ C n . We also denote by J st the complex structure on B n induced via Ψ : I → B n from the standard complex structure of I ⊂ C n . This complex structure should not be confused with the classical complex structure J o of B n , where B n is considered as a domain of C n . In fact, the components in a set of adapted polar coordinates of the tensor field J o are possibly not even continuous in x o = 0. On the contrary, the components of J st in such coordinates are actually constant.
We now point out that each real vector field on B n \ {0} of class C k,α , k ≥ 1, α ∈ (0, 1), admits a unique expansion of the form
where Z, e α are the complex vector fields (4.3) of some adapted polar frame field. In (4.8), the components X 0 , X α are functions of class C k,α of the polar coordinates on the open subset {ζ = 0}.
Lemma 4.1. Let v = (v i ) = 0 and X a quasi-regular vector field, pointed at 0, of class C k,α on (B n , J) and with
(here, (·) Z : T (B n \ {0} → Z is the natural projection onto Z), then there exist two real functions κ, ρ : CP n−1 → R of class C k,α , the first unconstrained, the second with ρ > 0 and dd c ρ > 0 at all points, such that:
(1) The components X α = X α (w,w, ζ,ζ) are necessarily of the form
with Y α (w,w) defined by
and Y α = Y α (w,w, ζ,ζ) functions such that, for each sequence x k ∈ B n \ {0} converging to 0, the limits lim k→∞ ( Y α ζ)| x k are 0;
(2) The component X 0 in (4.8) has necessarily the form
where Y 0 is the complex function on CP n−1
.
(4.13)
Proof. Condition (4.9) is actually equivalent to the pair of conditions
However, since X and J are real, there equations are one conjugate to the other, so that they are both satisfied if and only if just the second one holds. Using the fact that J| Z = J st | Z , this is in turn equivalent to 
This yields that, along each straight disk ∆ (c) := {w = c}, the complex vector field X (c) := (X 0 Z)| ∆ (c) \{0} is a vector field of type (1, 0), holomorphic in the polar coordinate ζ. Since we are also assuming that X is quasi-regular (hence with a continuous extension at 0), it follows that
\{0} extends continuously at the origin and that the function a := X 0
has at most one pole of order 1 at the origin. On the other hand, since the vector field X is tangent to the boundary at the points of ∂B n , the vector field X (c) is tangent to ∂∆ (c) at all boundary points. This implies that
for some smooth real function s : ∂∆ (c) −→ R. This is equivalent to require that a := X 0
is such that a| ∂∆ (c) = −a| ∂∆ (c) . Very standard arguments show that the above two conditions imply that a = λ ζ +iκ−λζ for some complex number λ and some real number κ which depend only on c = (c α ). From this we obtain that X 0 has the form (4.12) for some appropriate function Y 0 (w,w).
Consider now a sequence of points x k in B n \ {0} converging to 0. With no loss of generality, we may assume that all points x k are in the domain of the polar coordinates η (n) = (w, ζ) and that their expressions in polar coordinates x k = (w α k , ζ k ) converge to an n-tuple (w α o , 0) with 0 ≤ |w o | < ∞.
We now consider the sequences of complex values C α (x k ) := (X α ζ)| x k . Up to a sequence, we may assume that the limits C α = lim k→∞ C α k exist even if they not necessarily are all finite. Then: (i) From (4.3) and using (4.1) to relate (z j ) and (w α , ζ), we have that the sequence of vectors X α e β x k converges to the vector in T 0 B n (here, some components might be equal to ∞)
(ii) Using once again (4.2) and the fact that X 0 has the form (4.12), the sequence of vectors X 0 Z x k converges to the vector in
The condition that X is continuous at 0 is equivalent to require that for any sequence x k as above, the limit lim x k →0 X| x k exists and does not depend on the choice of the sequence. From (i) and (ii) we infer that the vector
is independent of w o . Necessary and sufficient conditions for this is that: a) there is a constant v n such that
and, in particular, all limits C α are finite; b) the vector (4.20), which can be now be written as 
This last condition is equivalent to require that there exist constants v β such
Replacing this into (4.21) and (4.18), claims (1) and (2) follow.
The above lemma motivates the following notion, which enters as crucial ingredient in the proof of our main result. In what follows, ρ : CP n−1 → R is always the positive function, determined by the Kobayashi metric κ x=0 of (B n , J) and gives the Minkowski function of the indicatrix I 0 ⊂ T 0 B n = C n . Definition 4.2. Given v = (v i ) ∈ C n , a real valued function σ : CP n−1 → R of class C k,α , consider n − 1 complex functions Y α : B n → C, which are of class C k,α on B n \ {0} and with lim k→∞ ( Y α ζ)| x k = 0 for any sequence x k → 0 in any set of adapted polar coordinates of ((B n , J), τ o ). We call special vector field of (B n , J) determined by v, σ and Y α the quasi-regular vector field of (B n , J), pointed at 0, whose expansion in terms of an adapted polar frame field (Z, e α ) has the form
with Y 0 and Y α as in (4.13) and (4.11), respectively.
From the proof of Lemma 4.1, the next corollary follows immediately. Moreover, we have the following technical remark.
Lemma 4.4. In each set of polar coordinates (ζ, w α ), the functions Y 0 , Y α , defined in (4.13) and (4.11), satisfy the identities
where
with h αβ :=
Proof. We first observe that
Similarly one gets that e β
ζ . From this and e β (ζζ 2 ρ 2 )=eβ(ζζ 2 ρ 2 )=0, one can also derive the expressions for e β (Y 0 ζ), eβ(Y 0 ζ) and get (4.23).
The proof of the Propagation of Regularity Theorem

5.1.
The differential problem characterizing fundamental pairs. In this section, we show that the abstract fundamental pairs (J t , X t ) of a manifold in normal form ((B n , J), τ o ) are precisely the solutions of an appropriate differential problem. By Remark 3.9 this reduces our main result to the proof of the existence of solutions to such problem. Proposition 5.1. Let (J t , X t ) be an abstract fundamental pair of class C k,α on a manifold in normal form ((B n , J), τ o ), guided by the curve v t = X t | 0 , t ∈ [0, 1] and let (ζ, w α ) be a system of polar coordinates with associated polar frame field (Z, e α ). Then each X t is a special vector field
where (g αβ ) is the inverse matrix of (4.6), H tβ , H tβ are as in (4.24), (
, (J t − J st )γβ are the components of (J t − J st )(eβ ) in the frame (e α , eᾱ) and Y α t , Y 0 t are as in (4.11), (4.13) with v = v t and ρ t determined by the Kobayashi metric at 0 of (B n , J t ), as described above.
Conversely, if
, is a one-parameter family of special vector fields, with Y α t as in (5.1), and if J t and ρ t are one-parameter family of complex structures and positive real functions on CP n−1 , which satisfy the differential problem given by (5.7)and
then (J t , X t ) is a fundamental pair guided by the curve v t .
Proof. Since (J t , X t ) is a fundamental pair, the one-parameter family J t consists of complex structures that are pushed-down onto B n of L-complex structures of B n . This implies that
Since J 0 = J, this is tantamount to require
Let us focus on the first of these conditions. Combining it with the property
at all points of B n \ {0}. However, being X t and J t real, these equations are one conjugate to the other, so that we may consider just the second one. This is in turn equivalent to
meaning that [X t , Z] is a complex vector field taking values in the J t -antiholomorphic distribution T 01
Jt (B n \ {0}). Consider now the expansion of the vector fields X t in terms of a polar frame field (Z, e α ), associated with a set of polar coordinates
Jt (B n \ {0}) if and only if
The first part of the proof of Lemma 4.1 shows that the first condition in (5.5) is equivalent to the condition (L Xt J t ) Z = 0. Hence Corollary 4.3 applies and, for each t, the vector field X t is a special vector field X t = X [ρt](vt,σt, Y α t ) . In particular, X 0 t is equal to
with Y 0 t defined in (4.13).
Let us now consider the second condition in (5.5). Since the 2-form − i 2τ dd c Jt τ o | H C ×H C is non-degenerate and J t -Hermitian, it can be equivalently stated saying that for each t ∈ [0, 1],
for any complex vector field F in
This relation is actually an identity that is consequence of the integrability of the J t , a claim that can be directly checked using deformation tensors of complex structures ( [3, 21] ). For reader's convenience, we give the details of such argument at the end of §5.2.1 below.
Let us now focus on the second part of (5.3), which we did not consider yet. Once again, since J t and X t are related by (3.11) , this is the same of requiring that, for any E ∈ H,
This is the same of saying that for any E ∈ H
We now observe that
Moreover, denoting by (dd cSince X t must be a special vector field, determined by v t and appropriate functions σ t , Y α t , we see that the Y α t must be equal to (5.1). Note also that such functions (5.1) automatically satisfy condition lim k→∞ ( Y α ζ)| x k = 0 for each sequence x k → 0. To see this it suffices to remember that J st is the standard complex structure of the indicatrix I x=0 of ((B n , J t ), τ o ), which coincides with J t at x = 0. Hence both limits lim k→∞
The last claim of the proposition is an immediate consequence of the fact that if X t is a special vector field satisfying (5.1) and J t satisfies the differential problem (5.2), the first part of the proof implies that the J t are complex structures on B n induced by L-complex structures on B n .
5.2.
Proof of Theorem 2.7. By Theorem 2.6, Remark 3.9 and Proposition 5.1, the proof of Theorem 2.7 is an immediate consequence of the following crucial existence result on abstract fundamental pairs.
Lemma 5.2. Let ((B n , J), τ o ) be a manifold of circular type in normal form of class C k,α , k ≥ 2, α ∈ (0, 1), and v t , t ∈ [0, 1], a fixed one-parameter family vectors in T 0 B n of class C k,α in t. Then there exists a unique fundamental pair (J t , X t ) on ((B n , J), τ o ) of class C k,α guided by v t , in which X t is the special vector field X t = X [ρt](vt,σt, Y α t ) with σ t ≡ 0, the Y α t as in (5.1) and ρ t = ρ for each t. The dependence on t is at least C k,α .
Proof. Consider a set of polar coordinates (ζ, w α ,ζ, w α ), an adapted polar frame field (Z, e α = e (ρ) α ) and the corresponding dual coframe field (Z * , e α ), both determined by the function ρ which gives the Minkowski function of the indicatrix I x=0 of (B n , J). All tensor fields J t of an abstract fundamental pair have the form 
Tx B n for each t ∈ [0, 1] and x ∈ B n ; c) the Nijenhuis tensor N Jt is identically zero for each t;
for any vector field E ∈ H. Here
Note that, in each set of adapted polar coordinates, the components of J t in the complex frames field (Z, e α := e α + φ t (eᾱ), Z, eᾱ = eᾱ + φ t (eᾱ)) are constant and all equal to ±i or 0. This means that the regularity of J t with respect to the adapted polar coordinates is always the same of the regularity of φ t in those coordinates.
The property that J t is an L-complex structure, i.e. it is integrable -i.e., satisfies (c) -and τ o is Monge-Ampère exhaustion for (B n , J t ), corresponds to the following conditions on φ t , to be satisfied for all 0 = X, Y ∈ H 01 : 20) where Z the generator of Z 10 , defined in (4.3);
t . Indeed, (B) and (C) correspond to the integrability of J t , while (A) expresses to the condition on τ o to be a Monge-Ampère exhaustion.
These three conditions are also sufficient in the following sense: if a tensor field φ t ∈ H 01 * ⊗ H 01 satisfies (A) -(C), then the corresponding distribution H 01 t ⊂ H C uniquely determines an L-complex structure J t ( [3, 21] ). We conclude this short review with the proof that the identity (5.7) is a consequence of the integrability of the complex structures J t , as claimed in the proof of Proposition 5.1. Indeed, using adapted polar frames, we may write (5.7) in the form
Since LZφ t = 0 by (B), we have [Z, eᾱ + φ t (eᾱ)] = 0 and (5.21) is satisfied.
5.2.2.
Step 1 -Translation into a problem on deformations tensors.
By previous discussion, our original problem translates into a problem on one-parameter families of C k,α deformation tensors φ t satisfying (A) -(C) and the differential equations (5.19) with initial condition φ 0 = φ J , where φ J is the deformation tensor that allows to express J t=0 = J as deformation of the complex structure J st = J st (ρ) of the indicatrix of (B n , J) at x = 0. Moreover, we claim that (A) is surely satisfied if all others hold and it is actually redundant. Indeed, if the φ t satisfy (B), (C) and (5.19), the corresponding family integrable complex structures J t satisfy all hypothesis of Lemma 3.8. Hence the exhaustion τ o is Monge-Ampère for (B n , J t ) for each t and (A) is satisfied.
The remaining part of this section is devoted to derive a formulation of (5.19) as explicit condition on the φ t . For this, we first recall that for each E + φ t (E) ∈ H 01 t , we have that J t (E + φ t (E)) = −i(E + φ t (E)). Taking Lie derivatives of both sides with respect to
This means that (5.19) holds if and only if
On the other hand, since it is the special vector field described in Proposition 5.1, the vector field X t necessarily satisfies (5.8). This implies that L Xt (E + φ t (E)) is always in H C and that (5.22) can be replaced by the weaker condition
This condition can stated as a system of p.d.e. as follows. Fix a (local) complex frame field (eᾱ) for H 01 and for each t consider the uniquely associated complex frame fields (E t|ᾱ = eᾱ + φ t (eᾱ)) and (E tα = E t|ᾱ ) for H 01 t and H 10 t , respectively. Then, let g (φt) ∈ Hom(H × H, R) be the only J t -invariant tensor field such that
where g αβ are defined in (4.6) and where (·) γ α , (·)γ α denote the components of the considered (1, 1)-tensors of H C in the frames (e α , eᾱ). Note that if φ t satisfies (A) (hence, φ t C 0 < 1 for each t ∈ [0, ε]), then g (φt) is non-degenerate on each space H x . Observe also that, by construction and J t -invariance,
In particular, from the last equality we get that
This identity will appear to be quite useful in the last part of the proof and it is the main motivation for considering the above definition for g (φt) . Notice that using the tensor fields g (φt) , condition (5.23) becomes equivalent to the system of p.d.e.'s
We now recall that in (5.23) the vector field X t = X t +Y t does depend on the unknown φ t , due to the fact that Y t depends on J t −J st . We need to make such dependence fully explicit. For this, we first recall that, for each t, each vector field Y in H C uniquely decomposes not only as a sum of holomorphic and antiholomorphic components with respect to J st , but also as sum of holomorphic and anti-holomorphic components with respect to J t . We denote such distinct decompositions by Y = Y 10 + Y 01 = Y 10 t + Y 01 t . On the other hand, we know that the components Y 10 t , Y 01 t have the form
for appropriate Y 10(t) ∈ H 10 and Y 01(t) ∈ H 01 . A straightforward algebraic computation shows that such vectors are expressed in terms of Y 10 , Y 01 by
where each φ t | x ∈ Hom(H 01 x , H 10 x ) is here considered in Hom(H C x , H C x ), acting trivially on H 10
x . It follows that the J t -holomorphic and J t -anti-holomorphic parts of the e α ∈ H 10 are
and
From the identity φ
from which we get the components of J − J st w.r.t. (e α , eβ). They form the matrix
Thus, the explicit dependence of the Y α t on the φ t we are looking for is
Step 2 -Reduction to a single equation.
The purpose of this subsection is to prove that if φ t is a C k,α solution of (5.33) with initial condition φ t=0 = φ J , then (5.31) and (5.32) are automatically satisfied. Actually, to be precise, we are going to prove this claim only in case of C k,α -solutions φ t , which can be obtained as limits of sequences of real analytic solutions φ (n)
t . This weaker result would be enough for our purposes, because the solutions, of which we prove the existence in the final step, are precisely of such a kind.
As usual, given a solution φ t to (5.33), let J t be the corresponding one parameter family of (possibly non-integrable) complex structures of the form (5.15), for which φ t is deformation tensor relatively to J st . Moreover, for any x ∈ B n , consider a (locally defined) complex frame field (Z, E α ,Z, Eᾱ := E α ) on a neighborhood of x, in which the Eᾱ are generators for the distribution H 01 (for instance, we may consider an adapted polar frame field). For each t, we denote by (Z, E t|α ,Z, E t|ᾱ = E t|α ) the associated complex frame field, where the vector fields E t|ᾱ = Eᾱ + ϕ t (Eᾱ) generate the J t -antiholomorphic distribution H 01 t and the E t|α := E t|ᾱ the distribution H 10 t . We also denote by (Z * , E α t| ,Z * , Eᾱ t| ) the dual coframes field of (Z, E t|α ,Z, E t|ᾱ = E t|α ) and we set
Observe that, since they are tangent to the level sets of τ o , they have the form Assume for the moment that the integrable complex structure J t=0 = J, the solution φ t to (5.33) and the family v t we consider, are all real analytic, so that also the components of the complex vector field X ′ t are real analytic. We want to show that, under these assumptions, the functions f 
We now observe that any local real analytic solution U = (U a ) of (5.34) admits a holomorphic extension on an open neighborhood of U ⊂ R 2n+1 in C 2n+1 .
Being holomorphic, such extension of U is solution to the system of differential equations
The graphs in C 2n+1 × C N of the holomorphic solutions U : W → C N to (5.34) coincide with the complex submanifolds of C 2n+1 × C N that are tangent to the holomorphic vector field
(5.36)
These graphs can be constructed as in the classical method of real characteristics, namely by taking unions of complex holomorphic curves tangent to the holomorphic vector field W (they do exist by complex Frobenius Theoremwe call them complex characteristics), passing through the points of the graph of an initial condition V : {t o } × W ⊂ W → C N . This method of construction gives local solutions of (5.35). Restricting them to U = W ∩ {Im(z i ) = 0}, we get the desired local real analytic solutions of (5.34). By previous observations, any local real analytic solution of (5.34) can be obtained in this way and, by construction, any such solution is uniquely determined by its values at some level set at t = t o for some fixed t o ∈ [0, 1]. This implies the first claim of the sublemma.
For the second claim, observe that by compactness of B n , the above construction allows to determine a unique real analytic solution U to (5.34) for each initial value U t=0 = V ∈ S. By compactness of B n , we may assume that U is defined on a set of the form [0, , under the assumption of real analyticity of the data. We recall that we are assuming that φ t is solution to (5.33), i.e. that
for some complex functions σμ t|η , σ 0 t|η , σ0 t|η . Note also that, by (5.5),
Hence, by duality, , ρ 0 t|µ , ρ 0 t|μ . We now claim that the functions σ 0 t|η and σ0 t|η are actually linear combinations of the functions f 0 t|ᾱβ defined above. Indeed, we recall that the (complex) vector field X ′ t differs from the (real) vector field X t by the vector field
t . We may therefore write that X ′ t = X t + Yᾱ t E t|ᾱ for some functions Yᾱ t and
Since X t is a special vector field as described in Proposition 5.1, by (5.8), we have that L d dt +Xt E t|η ∈ H C . Comparing (5.40) with (5.37) and using the general structure of the vectors F t|ᾱβ , we get that Assume now that J t=0 = J, φ t and v t are not real analytic, but that nonetheless there is a sequence of real analytic curves v (n) t converging in C k,α norm to v t , a sequence of real analytic complex structures J (n) , converging in C k,α -norm to J, and a corresponding sequence of real analytic solutions φ (n) to (5.33) with initial data φ (n) t=0 = φ Jn , converging in C k,α norm to the solution φ t . In this case, the associated sequences f It remains to prove that any solution φ t to (5.33), with φ t=0 = φ J , necessarily satisfies also the integrability condition (5.31). For doing this, we first observe that, since we just proved that (5.32) is surely satisfied, by the discussion of §5.2.2, we also have that the (real) special vector field
Since we know that L d dt +Xt J t = 0, one can construct such a one-parameter family g t by considering the flow Φ t on R × B n , determined by the vector field d dt + X t , and impose that, for each pair vector fields W, W ′ ∈ T ({t} × B n ),
The family of these Riemannian metrics is clearly invariant under the flow Φ t , but it is also J t | x -invariant at each (t, x), since also the family J t is invariant under that flow. Finally, we set
Note that all vector fields F t|0β are in H C and that (5.31) holds if and only if f t|0βγ = 0 for each t. Notice also that f t|0βγ | t=0 = 0, being J t=0 = J integrable.
Imitating the above arguments, our next goal is to prove that the functions f t|0βγ are constrained by a differential problem, which has the trivial map as unique solution. This would imply our desired result. For proving this, we recall that being φ t solution to (5.33), it also satisfies (5.27) and, due to (5.4),
Hence, from L d dt Z = 0, (5.33) and (5.32), we obtain
This means that these Lie derivatives can be written as linear combinations of the E t|ᾱ and of the 
5.2.4.
Step 3 -Existence of a solution to the single equation of (5.33).
Let us fix some new notation. Given a one-parameter family of deformation tensors φ t ∈ H 01 * ⊗ H 10 and a system of polar coordinates (ζ, w α ) on B n , we denote by φ β t|ᾱ the components of φ t in the associated adapted polar frame field (Z, e α ,Z, eᾱ) and we write φ t = φ β t|ᾱ e β ⊗ eᾱ. We also set E t|ᾱ := eᾱ + ϕ t (eᾱ) and, for simplicity, we use the convenient notation < ·, · > for the (0, 2)-tensor field g (φt) introduced in (5.24) . In this notation, (5.33) (i.e., (5.27)) becomes
Recalling that < e β , E t|γ >= g αγ (see (5.26)) this can be also written as
Multiplying both sides by the inverse matrix (g δγ ) of (g αβ ), we get that
where the F ᾱ β are appropriate real analytic functions of the points (t, x) of [0, 1] × B n , of the components of X ′ t and of the components of φ t . In case of real analytic data, the existence of solutions to (5.47) and hence to (5.33), is reached in a very direct way. Indeed, Proposition 5.4. Assume that J and v t are real analytic and, consequently, that also ρ and φ J real analytic. Then the system of partial differential equations (5.47) with initial condition φ t=0 = φ J has a unique solution.
Proof. By Sublemma 5.3, there surely exists a unique local solution to such differential problem on a compact set of the form [0, ε] × B n . On the other hand, by the results of previous subsection, such solution φ t corresponds to a one-parameter family of complex structures J t , t ∈ [0, ε], which are integrable for each t and for which the exhaustion τ o is Monge-Ampère for (B n , J t ). This means that φ t satisfies also condition (A) of the deformation tensors of Lcomplex structures and, φ t C 0 < 1 for each t ∈ [0, ε]. Hence the class S of initial values, given by the real analytic integrable complex structure on B n , satisfies the hypothesis of the last claim of Sublemma 5.3 and the existence of a unique real analytic solution over [0, 1] × B n is granted.
We now want to prove the existence of a C k,α solution to (5.47) for each choice of a C k,α initial value φ J , with J integrable. The strategy consists in determining the desired solution φ t as limit of real analytic solutions φ (n)t of (5.47), whose initial values ψ (n) := φ (n)t=0 are real analytic and approximate the initial value φ J . However, the reader should be aware that, in the following, Proposition 5.4 cannot be used to immediately infer that each approximating solution φ (n)t is actually defined for all t ∈ [0, 1]. This was actually proved under the hypothesis that the initial datum ψ (n) corresponds to an integrable complex structure, a property which we cannot assume for our approximations of φ J . This is nonetheless just a technical difficulty, which is going to be solved using the fact that the almost complex structures corresponding to the ψ (n) do approximate the integrable complex structure J.
Let us now proceed with the proof that (5.47) admits C k,α solutions with C k,α initial values φ t=0 = φ J . For simplicity, we first work under the additional assumption that ρ and v t are real analytic. Consider a finite covering of B n by compact sets K i , i = 1, . . . , N , on each of which the initial data φ α Jβ K i are approximated in C k -norm by a sequence ψ α (n)β of real analytic functions. Such approximating sequence ψ α (n)β surely exists and it can be even assumed to be formed by rational polynomials (see e.g. [7] , Thm. 6.10). Note also that, since we are assuming that the limit functions φ α Jβ K i are in C k,α , the convergence of the sequence ψ α (n)β is actually in the C k,α -norm. Now, given a compact set K = K i and an integer n, let φ α (n)t|β be the unique solution to (5.47) with initial value φ α (n)t=0|β = ψ α (n)β on {0} × K, defined on some compact set of the form [0, t n ] × K. As mentioned above, since we are no longer assuming that the initial datum ψ (n) corresponds to an integrable complex structure, we can no longer immediately state that the solution φ α (n)t|β is uniformly bounded by 1 and that it can be extended up to [0, 1] × K. We may however assume that t n is the infimum of the values t ′ , for which sup [0,t ′ ]×K φ α (n)t|β ≤ 1. By the method of construction of solutions using complex characteristics described in the proof of Sublemma 5.3, such infimum t n is bounded from below by some t o > 0, independent of n and determined by -the value sup K ψ α (n)|β , which we may assume to be less than or equal to sup K ψ ᾱ β + ε o < 1 for some ε o > 0 for all sufficiently large n; Since these differential equations are of the form (5.34), with right hand side linear in the unknowns e t|α , e t|ᾱ , such extensions exist on some set of the form [0, ε] × K, ε > 0 (Sublemma 5.3). They have also C 0 -norms that are uniformly bounded from above by the C 0 norm of the initial values multiplied by some fixed constant. This is indeed a consequence of the fact that the differential equations along the complex characteristics are linear. It actually implies that the e t|α , e t|ᾱ can be extended over the whole [0, 1] × K.
We may now observe that, differentiating both sides of (5.46) along the vector fields e t|α and e t|ᾱ and using the property that they commute with ) and e t|ᾱ (φ γ (n)t|β ) are equibounded. From this, the equicontinuity of the solutions φ γ (n)t|β follows, as claimed.
As direct consequence of Ascoli-Arzelà Theorem, we now get that the sequence of solutions φ γ (n)t|β converges in C 0 -norm to the components of the family of deformation tensors φ t , with initial value φ t=0 = φ J . An argument that is basically the same of the one used for proving equiboundedness of C 1 norms shows that also all derivatives up to order k of the solutions φ γ (n)t|β are equibounded, proving in this way that the limit φ t is at least of class C k−1 . In particular, it follows that the limit is a solution to the first order differential problem (5.47).
However we claim that also the Hölder ratios of power α of the k-th order derivatives of the solutions φ γ (n)t|β are equibounded. This can be checked as follows. First, observe that the Holder ratios of the k-th derivatives, evaluated for pairs of points that are in the same complex characteristic, are equibounded because the restrictions to the complex characteristic of such kth derivatives are solutions of the above described linear system of ordinary differential equations with equibounded coefficients. This means that, in order to check the equiboundedness of the Hölder ratios, we may restrict to consider those evaluated at pair of points (t, x), (t ′ , y) ∈ [0, 1] × K, with the same coordinate t. Now, for each given pair of points x, y ∈ K, consider the Hölder ratio of the k-th derivatives, evaluated per each t at the pair of points (t, x t , φ γ t|β (x t )), (t, y t , φ γ t|β (y t )), belonging to the two complex characteristics originating from (t = 0, x, φ γ 0|β (x)) and (t = 0, y, φ γ 0|β (y)), respectively. Up to multiplication by a positive constant, such Hölder ratios are equibounded by the Hölder ratios at their uniquely associated pair of points at t = 0, from which the complex characteristics originate. Indeed, this is obtained by considering such Hölder ratios as functions of the (complex) variable t of the pair of characteristics. Using the differential equation satisfied by the k-th order derivatives of φ t in order to express the first derivatives in t of the Hölder ratios, one can observe that they satisfy a simple linear system of ordinary differential equations, with coefficients, given by rational functions in which a) the denominators are bounded away from 0 by constants that are independent on φ t , b) the numerators depend on the functions φ γ (n)t|β and their k-the derivatives, and are equibounded. This implies the claimed existence of common upper bounds determined by the Hölder ratio of the corresponding pair of points at t = 0.
Since the initial values converge to φ γ Jβ in C k,α norm, we derive in this way the desired equiboundedness of the C k,α -norms of the φ γ (n)t|β and the property that the limit deformation tensor φ t is actually of class C k,α . Note that, by the results of previous section, such φ t necessarily satisfies also the integrability conditions and satisfies also condition (A) of deformation tensors of L-complex structures. In particular, the deformation tensor φ t at t = t o can be used as C k,α initial value for our problem, to be solved on the left over compact set It remains to prove the existence of C k,α solutions to (5.47) under the assumption that also the functions v t and ρ are not real analytic, but just of class C k,α . The method is precisely the same as before with the only difference that, now, we have to approximate with real analytic functions on compact sets K i not only the initial datum φ and ρ n , are equibounded. This implies the existence of a C k,α -solution also in this case.
